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IN SIMPLY CONNECTED COTANGENT BUNDLES, EXACT
LAGRANGIAN COBORDISMS ARE H-COBORDISMS
HIRO LEE TANAKA
Abstract. We show that if Q is simply connected, then every exact La-
grangian cobordism between compact, exact Lagrangians in the cotangent bun-
dle of Q is an h-cobordism. The result follows as a corollary of the Abouzaid-
Kragh theorem.
1. Introduction
We prove:
Theorem 1. Let Q be simply connected and smooth. Any compact exact La-
grangian cobordism between compact, exact Lagrangians in T ∗Q is an h-cobordism.
By the h-cobordism theorem [Sma62, Mil65], we have:
Corollary 2. If Q is smooth, simply connected, and has dimQ ≥ 5, any two com-
pact, exact Lagrangians related by an exact compact cobordism are diffeomorphic.
This result is motivated by two topics of interest. The first is the Nearby La-
grangian Conjecture of Arnol’d [Arn86], which conjectures that if Q is a smooth,
compact manifold (not necessarily simply connected), then any compact, exact La-
grangian in T ∗Q is Hamiltonian-isotopic to the zero section. Theorem 1 shows that
the classification of Lagrangian cobordism classes in T ∗Q provides another strat-
egy for attacking the conjecture when dimQ ≥ 5 and π1Q = ∗. Namely, if there is
only one exact, compact cobordism class, then every compact exact Lagrangian is
cobordant to the zero section by a cylinder. An unknotting theorem for cylindrical
cobordisms in T ∗(Q× R) would exhibit the cobordism as a Hamiltonian isotopy.
The second is recent work on categories of Lagrangian cobordisms, as developed
in [NT11] and [BC13a, BC13b]. For a fixed symplectic manifold M satisfying cer-
tain monotonicity or convexity conditions, one can define a category whose objects
are Lagrangians (equipped with standard Floer-theoretic decorations) and whose
morphisms are Lagrangian cobordisms between them (equipped with compatible
decorations). In the setting of [NT11], all objects and cobordisms are exact. The
theorem shows one motivation for considering non-compact cobordisms in this cat-
egory. (Otherwise, every morphism is homotopically uninteresting.)
Finally, there is another way in which Theorem 1 touches both topics. Recall:
Theorem 3 (Fukaya-Nadler-Seidel-Smith [Nad09, FSS08]). LetQ be smooth, com-
pact, and simply connected. Any compact exact Lagrangian inside T ∗Q is equiv-
alent to Q in the Fukaya category of T ∗Q, with Z/2Z coefficients. If both Q and
the Lagrangian are Spin, then the same is true over arbitrary coefficients.
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It can be shown that compact, exact Lagrangians related by a compact, exact
cobordism are equivalent in the Fukaya category [Tan13, Tan]. 1 Hence the equiv-
alence class of an object in Fukaya(T ∗Q) is an invariant of an exact Lagrangian’s
cobordism class. If this is a complete invariant (in the way Stiefel-Whitney num-
bers classify unoriented cobordism classes) the above theorem of Fukaya-Nadler-
Seidel-Smith, together with Theorem 1, would show that any two exact, compact
Lagrangians are h-cobordant (to the zero section).
Remark 4. Finally, we are told that Lara-Simone Suarez has a result for non-
simply-connected cobordisms [Sua]—specifically, that exact, spin, Lagrangian cobor-
disms for which the collar inclusions induce isomorphisms on π1 are diffeomorphic
to cylinders. Instead of relying on Abouzaid-Kragh’s theorem, she utilizes a previ-
ous result of Biran and Cornea [BC13a]. This also allows her to consider symplectic
manifolds that need not be cotangent bundles.
1.1. Acknowledgements. We are grateful to Tim Perutz for helpful feedback on
this paper. The author was supported by a Presidential Fellowship from North-
western University’s Office of the President, an NSF Graduate Research Fellowship,
and a Mathematical Sciences Research Institute Postdoctoral Fellowship.
2. Recollections
Recall that T ∗Q has a 1-form θQ =
∑
i pidqi whose derivative is symplectic.
Definition 5. We say a Lagrangian submanifold L ⊂ T ∗Q is exact if it is equipped
with a smooth function fL : L→ R for which dfL = θ|L. We call fL a primitive for
L.
Definition 6. A Lagrangian submanifold W ⊂ T ∗Q × T ∗(0, 1) is said to be a
Lagrangian cobordism from L0 to L1 if
W |(0,ǫ) = L0 × (0, ǫ) and W |(1−ǫ,1) = L1 × (1− ǫ, 1) ⊂M × T
∗(0, 1).
Fixing primitives fLi , we say W is exact if one can choose a function fW :W → R
so that
fW |L0×(0,ǫ) = fL0 fW |L1×(1−ǫ,1) = fL1 , dfW = (θQ + θR)|W .
In particular, the value of f is independent of t when t ∈ (0, ǫ)
⋃
(1− ǫ, 1).
Finally, recall the following:
Theorem 7 (Abouzaid-Kragh [Abo12, Kra13]). If L ⊂ T ∗Q is a compact, exact
Lagrangian, then the projection map L→ Q is a homotopy equivalence.
3. Proof
Given a (not necessarily Lagrangian) cobordism Z, let Zop be the same cobor-
dism with ingoing and outgoing boundaries interchanged. We call the composite
Z ◦ Zop a double of Z. (The other double is the composition Zop ◦ Z.)
Lemma 8. Let Q be simply connected. Then any compact, exact cobordism be-
tween two compact exact Lagrangians in T ∗Q has a double which is an h-cobordism.
1Over arbitrary coefficients, one needs each Lagrangian to have a Spin structure, and for the
cobordism to respect this structure. In characteristic 2, no such structure is needed.
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Lemma 9. Let Y0, Y1 be simply connected manifolds. If Z is any smooth cobordism
between them such that a double is an h-cobordism, then Z is an h-cobordism itself.
Proof of Theorem. By Abouzaid-Kragh, any two compact exact Lagrangians in
T ∗Q are homotopy equivalent to Q, so are simply connected. By the lemmas,
any compact exact cobordism between them is an h-cobordism. 
Proof of Lemma 8. Let Y01 ⊂ T
∗Q× T ∗(0, 1) be a cobordism from Y0 to Y1, with
each Yi ⊂ T
∗Q compact and exact. Note that the diffeomorphism R→ R given by
t 7→ −t gives rise to another exact cobordism Y op01 ⊂ M × T
∗(0, 1), from Y1 to Y0.
We prove that the composite cobordism
N = Y01 ◦ (Y01)
op
is an h-cobordism.
Note that since N is a cobordism collared by Y1 on both ends, we can glue
the Y1 on both ends via the identity to obtain a compact, exact Lagrangian in
T ∗(Q × S1). (We are guaranteed exactness since, by definition of cobordism, the
primitive function f realizing df = θY1 must agree along the collars). We call this
Lagrangian N .
By Abouzaid-Kragh, the projection map N → Q×S1 is a homotopy equivalence.
Consider the diagram
Y1
∐
Y1 //
∼

''◆
◆
◆
N

&&▼
▼
▼
▼
▼
▼
Y1 × I //
∼

N
∼

Q
∐
Q //
''◆
◆
◆
Q× I
&&◆
◆
◆
Q× I // Q× S1
where the top and bottom faces are pushout squares. (The all vertical arrows are
projection maps to the zero section, and the indicated arrows are equivalences by
Abouzaid-Kragh.) By excision and the Five Lemma, the remaining vertical arrow
induces an isomorphism in homology H∗(N)→ H∗(Q× I).
Moreover, N has trivial fundamental group: the groupoid version of van Kam-
pen’s theorem shows there must be a pushout diagram of groupoids
Π(Y0
∐
Y0) ≃ ∗
∐
∗ //

Bπ1N

Π(Y0 × [−ǫ,+ǫ] ≃ ∗ // Π(N) ∼= BZ
whence it follows that Z ∼= Z ∗ π1N , hence π1N ∼= 0. By the Whitehead and
Hurewicz theorems, the projection map thus realizes a homotopy equivalence N ≃
Q× I. Moreover, the inclusion of Y1 on either collar of N fits into a commutative
diagram of topological spaces
Y1 //
π

N
π

Q // Q× [a, b].
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The lefthand vertical arrow is a homotopy equivalence by the Abouzaid-Kragh
theorem, as is the righthand vertical arrow from our previous discussion. The
bottom horizontal arrow is obviously a homotopy equivalence, so the top horizontal
arrow must be as well. This shows that N is in fact an h-cobordism from Y1 to
itself. 
Proof of Lemma 9. Note we have the inclusion Y0 →֒ Y01 ◦ (Y01)
op. We make use
of the pushout diagram
Y0 //

Y01

Y op01
// Y01 ◦ (Y01)
op.
Knowing that Y0 is simply connected and that Y1 ≃ Y
op
01 ◦ Y01 is simply connected,
the Van Kampen theorem shows that Y01 is also simply connected. Finally, the
Mayer-Vietoris sequence splits at each level by including Y1 → Y01. Thus the
Whitehead and Hurewicz theorems show that Y01 is an h-cobordism. 
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